In the class of quasi-contractive operators satisfying Zamfirescu's conditions, the most used fixed point iterative methods, that is, the Picard, Mann, and Ishikawa iterations, are all known to be convergent to the unique fixed point. In this paper, the comparison of the first two methods with respect to their convergence rate is obtained.
Introduction
In the last three decades many papers have been published on the iterative approximation of fixed points for certain classes of operators, using the Mann and Ishikawa iteration methods, see [4] , for a recent survey. These papers were motivated by the fact that, under weaker contractive type conditions, the Picard iteration (or the method of successive approximations), need not converge to the fixed point of the operator in question.
However, there exist large classes of operators, as for example that of quasi-contractive type operators introduced in [4, 7, 10, 11] , for which not only the Picard iteration, but also the Mann and Ishikawa iterations can be used to approximate the fixed points. In such situations, it is of theoretical and practical importance to compare these methods in order to establish, if possible, which one converges faster.
As far as we know, there are only a few papers devoted to this very important numerical problem: the one due to Rhoades [11] , in which the Mann and Ishikawa iterations are compared for the class of continuous and nondecreasing functions f : [0,1] → [0,1], and also the author's papers [1, 3, 5] , concerning the Picard and Krasnoselskij iterative procedures in the class of Lipschitzian and generalized pseudocontractive operators.
An empirical comparison of Newton, Mann, and Ishikawa iterations over two families of decreasing functions was also reported in [13] . In [4] some conclusions of an empirical numerical study of Krasnoselskij, Mann, and Ishikawa iterations for some Lipschitz strongly pseudocontractive mappings, for which the Picard iteration does not converge, were also presented. It is the main purpose of this paper to compare the Picard and Mann iterations over a class of quasi-contractive mappings, that is, the ones satisfying the Zamfirescu's conditions [15] . Theorem 3.1 in the present paper shows that for the aforementioned class of operators, considered in uniformly convex Banach spaces, the Picard iteration always converges faster than the Mann iterative procedure. Moreover, Theorem 3.3 extends this result to arbitrary Banach spaces and also to Mann iterations defined by weaker assumptions on the sequence {α n }.
Some fixed point iteration procedures
Let E be a normed linear space and T : E → E a given operator. Let x 0 ∈ E be arbitrary and {α n } ⊂ [0,1] a sequence of real numbers. The sequence {x n } ∞ n=0 ⊂ E defined by It is well known that the Krasnoselskij, Mann, and Ishikawa iterative procedures have been introduced mainly in order to approximate fixed points of those operators for which the Picard iteration does not converge. But, as we already mentioned, there exist important classes of contractive mappings, that is, the class of quasi-contractions, for which all Picard, Krasnoselskij, Mann, and Ishikawa iterations converge. The next two theorems refer to the Picard and Mann iterations.
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Theorem 2.3 [15] . Let (X,d) be a complete metric space and T : X → X a map for which there exist the real numbers a, b, and c satisfying 0 < a < 1, 0 < b,c < 1/2 such that for each pair x, y in X, at least one of the following is true:
Then T has a unique fixed point p and the Picard iteration {x n } ∞ n=0 defined by
3)
Theorem 2.4 [10] . 
converges to the fixed point of T.
In order to compare two fixed point iteration procedures {u n } ∞ n=0 and {v n } ∞ n=0 that converge to a certain fixed point p of a given operator T, Rhoades [11] considered that {u n } is better than {v n } if
In the following we will adopt the terminology from our papers [3, 4, 5] , which is slightly different from that of Rhoades, but more suitable for our purposes here.
be two sequences of real numbers that converge to a and b, respectively, and assume that there exists , both converging to the same fixed point p, the error estimates u n − p ≤ a n , n = 0,1,2,..., (2.7) and hence {u n } and {v n } have the same rate of convergence.
The previous example shows that Definition 2.7 introduces a sharper concept of rate of convergence than the one considered by Rhoades [11] .
Using Theorems 2.3 and 2.4 and based on Definition 2.7, the next section compares the Picard and Mann iterations in the class of Zamfirescu operators. The conclusion will be that the Picard iteration always converges faster than the Mann iteration, as was observed empirically on some numerical tests in [4] .
Comparing Picard and Mann iterations
The main result of this paper is given by the next theorem. 
(i), (ii), and (iii); (4) Picard iteration is faster than any Mann iteration.
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Proof. Conclusions (1), (2) , and (3) follow by Theorems 2.3 and 2.4.
(4) First of all, we prove that any Zamfirescu operator satisfies
for all x, y ∈ K, where δ is given by (3.6). Indeed, choose x, y ∈ K. Then at least one of (z 1 ), (z 2 ), or (z 3 ) is true. If (z 1 ) is satisfied, then (3.1) and (3.2) obviously hold with δ = a.
If (z 2 ) holds, then
which yields
If (z 3 ) holds, then we similarly get
Therefore, by denoting
then in view of the assumptions 0 ≤ a < 1; 0 ≤ b < 1/2; 0 ≤ c < 1/2 it follows that 0 ≤ δ < 1 and so, for all x, y ∈ K, inequality (3.1) is true. Inequality (3.2) is obtained similarly. Taking y := x n ; x := p in (3.1), we obtain
which inductively yields
Now let y 0 ∈ K and let {y n } ∞ n=0 be the Mann iteration associated with T, y 0 , and the sequence {α n }. Then by (2.1) we have
Using (3.2) with y := y n , x := p, we get
and therefore 11) which implies that
In order to compare {x n } and {y n }, we must compare δ n and
while for δ ∈ [1/3,1) we have
Thus, for δ ∈ [1/3,1) we have 15) which shows that, in this case, the Picard iteration converges faster than the Mann iteration. If δ ∈ [0,1/3), then it is easy to verify that, for any
which yields [8] , as well as Chatterjea mappings [6] belong to the class of Zamfirescu operators, by Theorem 3.1, we obtain similar results for these classes of contractive mappings.
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The following question then naturally arises: is conclusion (4) 
and then
By induction, we get valid for all α k satisfying (i) and (ii), condition (iii) implies (iv).
There also exist values of {α n }, for example, α n ≡ 1, such that (iv) is satisfied, but (iii) is not.
(2) The main merit of this paper consists not only in the results given by Theorems 3.1 and 3.3, but also in the fact that these theoretical results were suggested by some empirical tests on contractive-type operators, see [4, Chapter 9] .
(3) The class of mappings T satisfying Zamfirescu's conditions coincides (see [12] ) with the class of operators for which there exists a real number 0 < h < 1 such that so, our results are valid for all fixed point theorems obtained for these operators as well. (4) For the larger class of quasi-contractions introduced byĆirić [7] , both Picard [7] and Mann [10] (and also Ishikawa [14] ) iterations are known to converge to the unique fixed point. It remains to answer the natural question whether or not Picard iteration converges faster than the Mann iteration for this class of mappings.
